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THE FERROMAGNETIC PROPERTIES OF THE RARE EARTH METALS* 
by 
J. F. Elliott, Sam Legvold and F. H. Spedding 
Io ABSTRACT 
The magnetic moment of gadolinium was measured in applied fields of 
4,000-18,000 oersteds, and over the temperature range of 20.4°K to 
320°K. 
The ferroma?netic absolute saturation moment of gadolinium was found 
to be 2)3.6-0.9 cgs units, confirming the work of Trombe (18, 19). 
This absolute saturation moment corresponds to abdut 7.12 Bohr 
magnetons. 
The Curie point for gadolinium was determined by two different methods. 
The two determinations do not agree. 
The magnetic moment of dysprosium was measured in applied fields of 
43 000-18,000 oersteds, and over the temperature range of 20.4°K to 
20)°K. 
The susceptibility of dysprosium was shown to be field dependent in 
the approximate temperature rarge of 90°K to l72'1c. Below about 90°K 
dysprosium appeared to be truly ferromagnetic, confirming the observa-
tion of Trombe (21,22). 
The magnitude of the measured values of the magnetic moment of 
dy'~rosium indicates that the orbital angular momentum must contribute 
to the ferromagnetism. 
An absolute saturation magnetic moment of at least 8 Bohr magnetons 
was indicated by the data obtained in the temperature range of 31.25°K 
io 80°K. 
The strange behavior of the magnetization vs 1/H curves of dysprosium 
was noted, and possible explanations were set forth. 
*This report is based on a Ph.D. thesis by James F. Elliott, submitted 
June, 19)3 . This work was performed under contract with the Atomic 
Energy Commission. 
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9. The magnetic moment of erbium was measured for applied fields of 
43 000-18 ~ 000 oersteds, and over the temperature range of 20.4°K to 
7loK. 
10. The Slsceptibility of erbium was shown to be field dependent below 
about 55°K. 
11. Erbium appeared to be truly ferromagnetic at 20 . 4°K. 
12 . The magnitude of the measured values of the magnetic moment of erbium 
indicates that the orbital angular momentum must contribute to the 
ferromagnetism. 
13. The similarities and differences of the m&gnetic behaviors of erbium 
and dysprosium were noted. 
IL INTRODUCTION 
•• from the theoretical standpoint, these substances ~e rare earth 
rretals7 are much simpler than those of the iron group. Because the 
4f electrons are deeply imbedded in the atom~ they do not wander 
appreciably from the atom, and the question of band structure involved 
in Stoner ' s ncollective electron ferromagnetism" does not enter. 
For this reason as much experimental info~ation as possible on 
the rare earth metals in highly desirable. 
The recent development of processes at this laboratory for the sepa= 
ration of pure rare earth salts (1) and for the preparation of the pure 
metals (2) have made it possible to begin experimental researches on the 
magnetic properties of these elements here. This thesis is a report of 
the beginning of this experimental research. 
The first significant advance in the theory of ferromagnetism2 was 
made by Weiss (5) in 1907. Langevin has by this time developed his well 
known theory of paramagnetism, based on the assumpti'on that the orienta-
tion of a molecular dipole of moment ,k( in a field H is governed by the 
Boltzman distribution law. With this hypothesis it can be shown that the 
moment per unit volume is given by 
M :: N~<AH/kT) D 
where N is the number of molecules per unit volume, and 
L(x) is the Langevin function. 
L(x) : coth x- x=l.-
(1) 
1Remark by J . H. Van Vleck at Colloque International de Ferromagnetisime 
et d~Antiferromagnetisime de Grenoble. See (21). 
2see (3) and (4) for discussions of the theory of ferromagnetism. 
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The basic assumption made by Weiss was that the effective field 
acting on the elementary magnet in a ferromagnetic substance was not the 
applied field H, but rather H + qM, where q is a proportionality constant, 
independent of temperature and called the Weiss molecular field constant. 
Substitution of H + qH, in place of H in the Langevin function in equation 
l)j yielqs 
(2) 
mere -pis the ratio of the magnetization to the absolute saturation 
magnetization, ~ o 
tAt 
This equation provides a theoretical justification for the experimen~ 
tal Curie-Weiss Law above the Curie point, and provided a semi-quantitative 
explanation for ferromagnetic phenomena below the Curie pointo 
1)3 bye, using quantum roo chan,icaJ. . oo nsi derations, replaced the contin·-
uous distribution in the Langevin theory by a discrete series of orienta-
tions3 and developed the well knqwn Langevin-Debye theory of paramagnetism. 
When a similar extension is made to the Weiss theory, equation 2) becomes 
......- _ B 2~(H + ql1) {) - -s kT ' 
where B5(y) is the Brillouin function 
25 + l (?$1 ... Y.\ l cov.IU 
B5(y) : 25 coth 2S )- 25 '\25} 
Here 5 is the spin quantum number of the atom and~ is the Bohr 
eh 
magneton, -l.mnc • 
(3) 
The Debye-Weiss theory was somewhat successful in explaining the 
reduced m~gnetization curves of iron, nickel, and cobalt, when the para-
meter 5 was chosen as one-half . The discrepancies between the theory and 
experiment have long been recognized, particularly in the neighborhood 
of the Curie point. 
In order to bring the theoretical and experimental reduced magnetiza-
tion curves of iron, nickel, and cnbalt into better agreement, and to 
explain the magnitude of the absolute saturation magnetization of these 
elements, Stoner's ( 6, 7) "collective electron theory of ferromagnetism", 
Hhich is based on the band picture, was developed. However, as observed 
by Van Vleck, th~s theory is probably not applicable to the rare earth 
metals ( 21) . 
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Bloch (8) has calculated the variation of the saturation magnetiza~ 
tion with temperature using a "spin=wave" treatment. For the low tempera-
ture approximation (Le. ll assuming that only the lowest energy levels a.rn 
excited) ~ he has shown that the saturation magnetization is linear in TJI2o 
This has been experimentally verified for iron and nickel below 700K (9)o 
Above 70°Ks the experimental values of the saturation m:ignetization of 
iron9 nickel, and cobalt seem to have a linear T2 temperature dependence . 
The large 11 mole cular field" postulated by Weiss has been explained 
by Heisenberg (10) as arising from the quantum zoochanical forces of 
exchange acting between electrons of adjacent atoms. It was necessary 
for Heisenberg to assume that this exchange energy be positive in order 
to favor the ferromagnetic state . In the high ternperd.ture range (Le • .9 
above the Curie point)~ this theo:ry was also able to provide a theoretical 
understanding of the empirical Curie-Weiss Law. 
The result of the Heisenberg calculation (assuming quenching of the 
orbital angular momentum) ~as similar to equation 3) withy replaced by 
and the Curie point was given by 
Tc = 2JzS(S ~ ~ kT ., 
Here, z is the number of nearest neighbors ~ and J is the exchange i ntegral. 
Recently (11) Zener has taken issue with the Heisenberg mechanism of 
ferromagnetism. He believes that the exchange interaction between the Jd 
electrons of neighbori.ng atoms in the iron group (presumably the 4f elec= 
trons in the rare earths) is such as to oppose ferromagnetism. He proposes 
that the ferromagnetic state exists only when the positive exchange inter-
action between the valence electrons of neighboring atoms» which are 
assumed to be strongly coupled so the 3d electrons, is larger than the 
Heisenberg~type couplingo 
Slater (12.} also has recently attacked the usual approximation methods 
of calculating ferromagnetic phenomenao He . has pointed out that these 
methods, as they are USQally applied, are not appropriate for frystems 
containing more than a few electrons. Slater maintains 9 
ooo that to treat magnetic problems properly3 we must make 
such calculations (i.e . 3 linear combinations of different 
determinantal functions » corresponding to different assignments 
of electrons to orbits ) for different total spinsJ calculate 
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the energy of the states of different magnetizations as a func-
tion of internuclear distance, and see which states lie lower~ 
the magnetic or nonmagnetico 
9 
Besides the usual paramagnetic, diamagnetic, and ferromagnetic sub-
stances~ there is still another class of magnetic materials, those which 
are antiferromagnetic. These substances Show experimentally a monoton-
ically increasing susceptibility >d th decreasing temperature.~ which reaches 
a maximum at a cert~in temperature called the Curie temperature.l Below 
the Curie temperature, the susceptibility decreases •nth decreasing tem-
perature until at absolute zero the susceptibility is 0.3 to 0.85 times 
its value at the Curie temperature . These substances also show dependence 
of the susceptibility on field strength, and hysteresis effects below the 
Curie temperature. The direct experimental test for antiferromagnetism 
is qy neutron diffraction studies. 
The behavior of antiferromagnetic substances is explained theoretic-
ally in the i'o1Jowing way. The crystal is thought to be made up of two 
or more sublattices A, B, etc., such that the nearest neighbors of atom A 
are atoms belonging to B and vice versa. In the Heisenberg molecular 
field, all the spins of neigh"50ring atoms are, on the average.:~ assumed to 
be parallel. This assumption would be valid if the exchange integral 
1vere positive, as then the state with aligned neighboring spins would be 
the state of lowest energy. However, if the exchange integral is negative, 
the state of lo;Jest energy i.s that in which the spins of lattice A are 
c..ntipar&llel i;.o the spins of lattice B. If this tvr:r:e of model is treated 
by the metnod analogous to that used £or the Heisenberg model and expres-
sion i: obtained for the Curie temperature, and the Curie-Weiss Law for 
the paramagnetic behavior above the Curie temperature is again obtained. 
The decreasing susceptibility with temperature, and the field dependence 
of susceptibility below the Curie temperature is also understood on the 
basis of this model. For more detailed descriptions of antiferromagnetism 
and' the mathematical an~lysis, the reader is referred to the original 
papers of Neel (13 , 14), Bitter (15), a nd Van Vleck (16). 
Unfortunately it has been impossible to calculate the sign of the 
exchange i ntegral for those substances of interest in magnetic phenomena. 
HN,rever~ Slater (17) has developed a qualitative rule for predicting the 
possibil~ty of the existence of the ferromagnetic state for a given sub= 
.stance . It states that the necessary condition for the existence of 
ferromaGnetism is that the atomic radius be small compared to the distance 
bett·Jeen atoms. Presumably 3 therefore, when t he ratio of R/r (the atomic 
~~.,t"'?_~!:atio~~ver the radius of the unfilled shell which provides the bulk 
lThe term "Curie temperature" will be used to designate the temperature 
belmv- 1-rhich a m bstance is antiferromagnetic, as distinguished from the 
term 11 Curie poi nt" used to designate tre temperature below which a 
substance is ferromagnetic. 
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of the magnetic moment) is small, the exchange integral is mgative9 and 
the antiferromagnetic state is favored. As the distance between atoms 
becomes larger (assuming that r remains constant), the exchange integral 
becomes positive at a centain critical distance of atomic separation. As 
R is further increased, the exchange integral also increases in the posi• 
tlve direction until a maximum is reached. A further increase in R 
decreases the magnitude of the exchange integraL In this region of 
positive exchange 9 the ferromagnetic and paramagnetic states are favored. 
Briefly this is the present state of magnetic theor.y. In general, 
the theories of paramagnetism and diamagnetism (which were not discussed 
here) have been reasonably successful in both a qualitative and quantita-
tive way. The theories of Weiss, Heisenberg, Stoner9 Neel, etc. , have 
yielded a qualitative explanation of ferromagnetism and antiferromagnetism. 
Perhaps it is due only to the difficulty of the calculations involved in 
these theories that they are not also completely satisfying from a quan-
titative standpoint. Nevertheless, qy supplying new and more complete 
data on the ferromagnetic rare earths,~~ there is hope that a more complete 
understanding of magnetic phenomena will be obtained. 
Three rare e drth metals were chosen for this study: gadolinium, 
dysprosium, and erbium. These metals were selected because they were 
either known to be ferromagnetic, or tll ere was good reason to believe 
they were ferromagnetic. 
The ferromagnetic properties of metallic gadolinium were reported in 
1935 by Urbain, Weiss and Trombe (18) , and by Trombe (19). The value of 
the absolute saturation magnetization was cited as 353.5 cgs units, and 
the Curie point as 16°C. 
Preliminary measurements on gadolinium were made using a ballistic 
method with the sample in the form of a torus (20). Since there appeared 
to be certain discrepancies between these preliminary measurements and 
those reported by Trombe, it was deemed desirable to extend these measure-
:rre nt s to higher fields. 
Dysprosium has been shown by Trombe (21, 22) to be ferromagmtic. 
He reported the existence of a magnetic anomaly at 179°K. From 179°K to 
l05oK he noted that the susceptibility was field depend~nt. Below 10~°K, 
dysprosium was truly ferromagnetic ,~~ having a Curie point at about 105 Kp 
Trombe did not &Lve in his papers a value for the absolute saturation 
magnetizationi or magnetic moment vs . magnetic dysprosium were l_llade. 
Neel (23), working with the magnetic susceptibility data of Klemm 
and Bommer (24), predicted a Curie point for erbium at about 40°K. 
Barsoni s (20) work on the electrical resistivity of erbiun has shown an 
anomaly at a bout 70°=·80°K. This type of anomaly in the electrical resis= 
tivi ty is closely associated with the magnetic CUrie point . Thus, with 
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that hope of finding a new ferromagnetic element, erbium was chosen as 
the final subst ance to complete this initial investigation of the magnetic 
properties of the'rare earth metalso 
Of all the measurable quantities of a ferromagnetic substance 9 only 
the saturation magnetization, and in particular only the saturation 
magnetizationat absolute zero is alone characteristic of the substance. 
All other magnetic quantities such a s the Curie point, coercive force 9 
remanent magnetization, etc., are dependent to a greater or lesser extent 
on the past history of the substance. Consequently the primary purpose 
of this investigation was to determine, if possible, the absolute 
saturati. on magnetization of the three elerrents chosen. 
For comparison of experimental data with theory, the variation of 
spontaneous magnetization, i.e., the magnetic moment of a substance in 
a zero applied magnetic field, is required. The spontaneous magnetization 
can be determined fromthe data obtained in this investigation, but empha~ 
sis has not been placed in this direction. 
The value of the Curie point i s also required to correlate experimental 
data with theory. In the past it has been the custom to define the · curie 
point in two different ways. Probably the preferred definition is the 
temperature at which ~pontaneous magne t ization disappears. The second 
definition is the temperature at which ferromagnetism disappears in a 
small, but not vanishing, applied field. Which definition is used seems 
to depend upon the experimenter and his rrethod of measurement.l In the 
measurements of the Curie point of gadolinium reported here, it would 
appear that these two definitions are not synonymous. 
IIIo EXPERIMENTAL PROCEDURE 
A. Materials 
The rootals used in this investigation were ru bjected to spectro~ 
graphic analysis to determine the amount of impuri ties2 in parts per 
million of the following elements: iron, nickel, cobalt, calcium, and 
other rare earths. 
The analysis of the gadolinium metal used was as followB: ca, 
detect':l-ble but le.ss than 200 ppm; Sn, detectable but less than 600 ppm; 
1Trombe (18, 19) uses the latter definition for the Curie point determina-
tion of gadolinium. He does not state how the Curie point was determined 
for dysprosium (21, 22). For an example of a Curie point determination 
using the former defin~tion, see (25). 
2complete spectrographic standards for determining accurate quantita-
tive amounts of impurities in dysprosium and erbium are not yet available. 
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Fe 3 Co 3 Ni ~ and other rare earths9 not detectedo 
Dysprosium ::h owed the following impurities: ca:J detectable but less 
then 100 ppm; Fe~ detectable but less than 2000 ppm; .Mo, detectable but 
less than 2000 ppm; Er, detectable but less than 200 ppm; Y3 detectable 
but les s than 200 ppm; Ni, Co~ and other rare earths not detected. 
The erbium analysis showed~ Ca9 detectable but less than 100 ppm; 
Y, detectable but less than 100 ppm; Fe~ detectable but less than 2000 
ppm; Ni~ Co~ and other rare earths not detectedo 
Crystal structure studies of gadolinium.9 dysprosiuq, and erbium were 
made at this laboratory concurrently with the magnetic studies (26). The 
results of this investigation showed the three metals to be hexagonal 
close packedo The temperat.ure ranges over which the structures were 
investbgated were~ gadolinium l30-345°Ky dysprosium 47-300°K, and erbium 
41-300 K. 
Bo Method of Measurement 
Magnetic moments in this investigation were determined by plcicing 
the sample in an inhomogeneous magnetic field and measuring the force 
exerted on the sample in the direction of increasing field strength. It 
can be shown (27) that the rnugnitude of this force is given by~ 
where F ~ the force in the X=·direction, 
m ._:, the mass of the sample 9 
cr ~ the magnetic moment per unit mass, and 
dH/dx :;:: the magnitude of the gradient of the md.gnetic 
field in the x=directiono 
(4) 
For the purpose of discussion3 the direction of the rra.gnetic field 
will be designated as the horizontal or y~direction o The gradient of the 
field and the force are at right angles to the field and are in the 
vertical or x=direction. 
The magnet used in this study was a 20 kw Weiss-type electromagnet, 
capable of producing a 20 2 000 oersted field in a 1! inch pole gapo 
The gradient of the field of the electromagnet was calibrated using 
a sample of 99o99 per cent pure iron 9 supplied by Johnson~ Mathey and 
Company, Limited. The iron was assumed to be completely saturated for 
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applied fields greater than 4000 oersteds.1 The saturation magnetization 
at 20oc fo r this somple was taken to be 217.8 cgs units (28) . The cali~ 
bration was cheeked using a sample of nickel 99.97 per cent pure and 
assuming a saturation value of 54 .65 cgs units (28). The two separate 
calibrations agreed to at least 0.8 per cent over the entire range of 
applied fields.2 
The inhomogeneous field was produced by a method suggested by 
Sucksmith (29). The vertical faces of ordinary 60° truncated conical 
pole pieces we re divided into three horizontal sections of equal width 
(se e Figure 1) . The upper and lower sections were connected by the middle 
section ..rhich ~·.ras machined at about 5° from the verticaL A portion of 
the field uas found v1here the gradient uas almost constant over nearly a 
half~inch; thus.~ the sample uas in a position of stable equilibrium during 
the lveighing process. The magnitude of the gradient produced by this 
technique varied from 100 oersteds per em. at low fields~ to 1000 oersteds 
per em. at high fields. 
The use of the Sucksmith-type pole pie ces offered three advantages 
over an inhomogenous field produced by the fringing field of ordinar,y 
60° truncated conical pole pieces. First ~ it allowed the full use of the 
maximum field strength of the magnet ~ as the sample was placed in the 
middle of the pole gap (position A, Figure 1) rather than at the edge of 
the pole gap (position B~ Figure 1) where the magnitude of the field has 
decreased considerably. 
The second advantage was that the Sucksmith pole pieces provided a 
larger area over vmich the gradient of the field was nearly constant. 
This larger area of constant gradient allowed for faster and more accurate 
measurements . 
The third advantage was that it virtually eliminated the x - component 
of the force caused by image poles (30) . This force is proportional to 
the permeability of the iron in the magnet and to the square of the total 
magnetic moment of the sample. In Figure 1 the approximate position for 
the image pole is designated for the tvm positions, assuming that the iron 
~~-~~~gnet _hcl. s a.z:_ infinite permeability. The use of the Sucksmi. th~·type 
lin various sections of this dissertation~ values of magnetic moments are 
cited which were obtained in applied fields of le s s than 4000 oersteds. 
No claim is made for the accuracy of the aboolute magnitude of these 
values . It is to be noted~ however, that since iron is far all practical 
purposes saturated (to within 1 per cent) for applied fields greater than 
1000 oersteds, the error in the magnet calibration in this range is not 
:13. rge. 
2This difference between the t>vo calibrations using different standards 
is within the standard deviation of the repeatability of a number of 
calibrations using the same standard. See the section on the discussion 
of errors.. 
s 
s• 
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Figure 1. The Sucksmith-type pole pieces used in this stuqy. 
sample position A is position used. Position B 
is sample position used if ordinary truncated conical 
pole pieces are employed. Points 5' are approxi.m:1te 
pooitions of image poles for sample positions A and B, 
if the permeability of the m:1gnet is assurood infinite. 
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pole pieces thus reduces any x-componeht of the image pole force that may 
be present by approximately a factor of 10 (i.e., sin 5°/sin 6o0~.1). 
The proportionality factor of the image pole due to the perrneabili ty 
of the m'lgnet is automatically taken into account in the magnet calibra-
tion3 and does not introduce false measurements in either technique. The 
proportionality factor due to the total magnetic moment of the sample can 
not be so easily dismissed. The best one can hope for is that the x=com-
ponent can be reduced to the point that it can not be detected by the 
force measuring device used. The Sucksmith-type pole pieces essentially 
do this. The fact that it was possible to obtain the saturation magnetiza~ 
tion of nickel to within 0.8 per cent of the accepted value when the 
magnetic field was calibrated with iron, mowed that the x-component of 
the image pole force was independent (i.e., not detectable by the measuring 
apparatus) of the magnitude of the total magnetic moment 'When the moment 
was varied by a factor of four.l Since the magnetic moments measured to 
determine the absolute saturation magnetization in this investigation are 
comparable to that of iron (within 15 per cent), the image pole force did 
not limit the accuracy of these measurements. 
The magnetic field was measured using a Rawson rotating coil flux-
meter. 
The calibration samples and the rare earth metal samples were in the 
form of cylinders, 10 mm long dnd 1 mm in diameter. The magnetizing field 
was calculated using the expression 
where H : 
Ha : 
.L •• 
N : 
H : H0 - NI, 
the magnetizing field, 
the applied field, 
the magnetization per cm3, and 
the demagnetizing constant, taken to be 
0.0875 for samples of the above aspect ratio 
(31). 
(5) 
Two methods were used for the Curie point determination of gadolin-
ium. In the preliminary measurement, with the torus, the variation of 
the nagnetic moment with temperature was observed for a sn.all constant 
field. The second method was to observe the variation of the spontaneous 
magnetization with temperature, using fields produced by the electromagnet. 
The spontaneous magnetization was determined by the extrapolation tech-
nique of Weiss and Forrer (28). 
The Curie points of dysprosium and erbium were determined in a nanni~r 
to be discussed later. 
lrn various sections of this dissertation, values of magnetic moments are 
cited which are less than one-fourth that of iron. The accuracy of the 
absolute magnitude of these values is therefore not assured. 
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Co Apparatus 
The cryogenic apparatus consisted of a double metal dewar (Fi gure 2). 
The sample was pla ced in the inner dewar, ::l. nd the temperature of the sample 
was controlled by a stream of helium gas . The outer dewar contained a 
heat exchanger and a liql id bath. Helium ga s W.iS cooled in the exchanger, 
then mixed with a stream of warm helium before enteringthe inner dewar . 
The temperature range from 26-85~ was obtained with a hydrogen bath, from 
85-230~ with nitrogen, 200=280°K with acetone and d~ ice9 280-310°K with 
ice water. The temperature was controlled to within a degree for satura-
tion measurements and to within a quarter of a degree for the Curie point 
determinationJ using spontaneous magnetization data. 
The temperature was measured by a copper-constantan thermocouple cali-
brated against a Bureau of Standards calibrated platinum resistance 
thermometer. 
This apparatus was used throughoutj except for the 20.4°K data. 
Here tre sample was imnersed directly in the liquid hydrogen bath9 and 
the necessa~ buoyancy corrections made to account for changes in the 
height of the liquid. 
The Curie point determination m-.1de "1-ti. th the torus was performed in · 
an alcohol bath and the temperature was controlled to within O. OS°C. A 
mercu~ thermometer which gave readings of the true temperature to 
.o. 0.1oc was used to rreasure the temperature. 
rl. RESULTS 
A. Gadolinium 
Figure 3 shows several of the representative curves of the isothermal 
variation of the magnetic moment as a function of 1/ H for gadolini um. I t 
was found that the variationj far magnetizing fields of 4, 000- 18 9 000 
oersteds over the temperature range of 20-253°K, was well represented by 
the expre ssi. on 
where C"'H 9 T :::: the magnetic morrent per gram_, 
o-<l"J T :: the saturation moment per gram at T°K9 
H :;:: the magnetizing fi eldj and 
a - constant. 
(6) 
HOT HELIUM 
IMPUT ~ 
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Figure 2. Cryogenic apparatus used to provide temperature 
control for the sample. 
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Figure 3. Representative curves of the isothermal variation of 
the maenetic moment of gadolinium as a funr::tion of 1/H. 
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The data were extrapol~ted to 1/H equal to zero, using the method of 
least squares to find the saturation magnetization. 
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The val\lB of the saturation magnetization obtained by the above 
extrapolation, are plotted as a function of TJ/2 in Figure 4a. It may 
be observed that the data seem to agree quite well over the temperature 
range examined with an expression of the form 
where 
cr C>D 3 T : o-oo 3 o(l - bT3/ 2) 
rroa!l 0 ~ the absolute saturation magnetization.:~ 
b - a constant, and 
T ~ absolute temperature. 
( 7) 
It may be further observed (Figure 4b) that the data agree fairly well 
with the expression 
a- c:::P T = cr -oe> o(l - b~) 
' ' 0 
(8) 
between 2.50°K and 130°K.? but the data ~eem to fit the ~/2 expression at 
lea.st as well if 3~t better than the T expression over this range. Con-
sequently.? the T law w~s used over the entire range for determining 
the absolute saturation magnetic moment. 
Using again the method of least squares 3 the value of the saturation 
magnetization at absolute zero was found to be 2.53.6 f 0.9 cgs units. 
This saturation moment corresponds to 7.12 Bohr magnetons where the value 
used for the Bohr magneton was .5.587 emu per mole (31). 
In Figure .5 the ratio of a-~ T/o-:~ is plotted as a function of the 
' --,o 
ratio of T/9, where e is the Curie temperature. Several curves.? obtained 
from the :Debye-Weiss theory of ferromagnetism for various J values 9 are 
also mo:wn. To make comparison between experi~rental data and the Debye-
Weiss theorY.~ the ratio of a-0 , T/C!O, o, where o-09 T is the spontaneous 
magnetization3 should be plotted as a function of T/9. However 3 the value 
of the spontaneous magnetization differs from the saturation m:l.gnetiza-
tion for gadolinium by only a few per cent 3 which would not change the 
location of the plotted points significantly. 
The variation of the square of th e spontaneous magnetization with 
temperature near the Curie point is shown in Figure 6b. The intersection 
of the extension of the nearly linear portion of' this curve with the 
temperature axis was taken to be the Curie point, i.e • .? 17.7 ~ O.J°C. 
In Figure 6a the Curie point was determined from d~ta obtainecl by the ballis= 
tic roothod using the torus and a sm1ll applied field (i.e. 9 23 oersteds) 
and was found to be 1.5.9 ~ O.l°C. 
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Figure 4 (a) 
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The saturation j<3-2netic moment of gadolinium as 
a f :mction of T I and (b) of T2. 
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Figure 5. The reduced magnetization curve for 
gadolinium; also, the th~retical curves 
for J = 1, J = 7/2 and J-oa, from the 
Debye-Weiss quantum theory of ferro-
magnetism. 
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B. Dysprosiwn 
Figure 7 shows a number of the isotherrt\S of the magnetic moment of 
qy sprosiurn as a function of applied field. Figure 8 is an enlarged 
portion of the low field region of Figure 7. The initial susceptibility 
(i.e., the susceptibility calculated from the low field9 linear portion 
of the curves in Figure 7) from ll3°-202°K plotted as a function of 
temperature is shown in Figure 9. One notes that for applied fields up 
to 189 000 oersteds the o vs. H isotherms remain linear down to about 
17S°K. Below 17S°K, the isotherms are linear in the low field region3 
but at some higher field the susceptibility becomes field dependent. 
As the temperature is lowered below 17S°K, the field for which the suscepti-
bility becomes field dependent i& smaller. 
Below ll0°K the magnetization curves for dysprosium are much the 
same as those for gadolinium, and are typical of a ferromagnetic substance. 
It is observed that the element is very magnetically 11hard11 in comparioon 
to iron or even gadolinium, and is far from saturation in a field of 
18,000 oersteds. One also notes that below 103°K, dysprosiwn becomes 
rapidly temperature saturated, i.e. 9 temperature has little effect upon 
the magnitude of the rnagnetizationo 
The 20.4~ data deserve special notice. The curve falls far below 
the 31.2SOK isotherm. These data were taken by a different method from 
the other isotherms as pointed out above. It has not been possible to 
overlap the temperature ranges of the two rrethods, hence it is not possible 
to state unequivocally that the anom:lly is real; one might attri1:ute the 
result to fault in one of the methods of rreasurement. It is to be 
noted, however, that no such inconsistency was evident in the data for 
gadolinium at 20.4°K. 
The anomaly observed by Trombe is quite evident in Figure 7 and in 
Figures 8 and 9. The general shape of the curve in Figure 9 above 1SS°K 
is not unlike the corresponding curve for an antiferromagnetic substance 
in the neighborhood of its Curie temperature. 
In order to discuss the magnetic behavior of dysprosium9 three or 
possibly four temperature regions or magnetic states may be distinguished. 
The first state, P, occurs above 176°K vlhere the element appears to be 
truly paramagnetic. The second state (hereafter called state A1) occurs 
in the temperature range bounded qy the anomaly at 1760K and qy the ferro-
magnetic Curie point at about 92°K. (The Curie point determination i s 
discussed below.) The magnetic behavior of dysprosium in this tanperature 
range is characterized b,y the field dependence of the susceptibility, and 
the apparent lack of spontaneous magnetization. It is to be noted that 
this type of behavior is somewhat similar to the behavior of an antiferro-
magnetic substance below its Curie temperature. 
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Figure 7. The magnetic moment of cysprosium as a function of applied 
field for several temperatures. 
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range of ll0°-200°K, mmd.ng the anomaly observed by Trombe. 
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The third magnetic state of dysprosium (hereafter called state F), 
occurs belorr aoout 92°K. Here the element appears to be in a true ferro-
magnetic state, characterized qy spontaneous magnetization, saturation 
effects, and by hysteresis effects. 
A fourth magnetic state may exist for dysprosium (hereafter called 
state A2) in the temperature range below about 25°K as indicated by the 
anomalous behavior of the 20.4°K isotherm. 
The difficulty encountered in attempting to obtain the Curie point 
of state F from spontaneous magnetization data may also be seen from the 
magnetization curves (Figure 7). In order to determine the Curie point 
by this method, it is necessary to obtain spontaneous magnetization data 
as a function of temperature from the !1'k3.gnetization curves above and below 
the Curie point. Because of the strange behavior of dysprosium immediately 
above its Curie point (i.e., in state A ), it was found impossible to 
obtain spontaneous magnetization data ~ich were complete enough to allow 
an accurate determination of the Curie point by this method. 
In Figure 10 the CUrie point is determined by extrapolati. on of the 
linear portion of theOJ.200 vs. T curve to the tanpe~ature axis. The 
o-1200 data were obtaine a. in a relatively weak field of 12 00 oersteds. 
The value of the Curie point determined by this method is 92°K. Because 
the Curie point is somewhat dependent on the value of the applied field 
used in its determination, 92°K is probably several degrees higher than 
the value of the CUrie point determined in a nearly zero applied field. 
Figures 11, 12, 13 and 14 are plots of the magnetic moment vs 1/H 
for several of the isotherms of Figure 7. These curves differ consider-
ably from the corresponding curves of gadolinium. The curves in the 
neighborhood of l00°K are nearly linear above 5,000 oersteds. At 
temperatures above l00°K, the curves are concave downward. The curves 
below 80°K seem to consist of two nearly straight intersecting lines. 
Both of the linear section$ of these curves have been extrapolated 
to infinite fields to obtain the saturation moments. No attempt was made 
to use the method of least squares in these extrapolations. 
rn Figure 15 the saturation momenti obtained from Figures 12, 13, 
and 14 are plotted as a function of T3 Z (the 20.4°K data have not been 
considered) to obtain the absolute saturation moment. The saturation 
moment at absolute zero for dysprosium appears to be about 299 i 5 cgs 
units if one uses saturation moments from the high field extrapolations, 
and about 273 ~ 3 cgs units, if one uses the low field extrapolated 
saturation moments. These moments correspond to 8.7 Bohr magnetons, 
and 8.0 Bohr magnetons respectively. 
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It is to be noted that these absolute saturation moments were obtained 
using data from the temperature range of 3l0 - 80°K only, and therefore only 
attempt to point out what the approximate ~gnitude of the saturation 
moment at dbsolute zero •wuld be assuming t ha t no further anomalies occur 
between 0°·~31 °Ka 
Co Erbium 
Figure 16 sho1..rs several of the ffi:ignetic isotherms for erbium. Above 
about 55°K erbium is paramdgnetic as indicated qy the linear magnetic 
isotherms at 7l . 0°K and 61.2oK. Below 51°K (state ~) its susceptibility 
becomes field dependent~ but there is no evidence of spontaneous ffi:ignetiza-
tion . At the hydrogen point erbium seems to be in a true ferromagnetic 
sta.te ( stat e F) o The ext reme magnetic "ha rdness11 of this state is to be 
noted. 
The similarity of the magnetic behavior of ·erbium and dysprosium is 
quite evident. Howevers the anomaly associated \vi th state A1 of dysprosium 
is not apparent in the corresponding state of erbium (see Figure 16~ where 
the initial susceptibility of ertium is plotted a s a function of tempera-
ture). It may be that the measuring apparatus was not sensitive enough 
to allm·T the obser,rati on of the anomaly 7 or that the wrong temperatures 
· . ..rere ch osen; but , in any case~ it is apparent that the anomaly is not as 
"1-lell developed in erbium as in dysprosium~ if it exists at all. 
The temperature at which the su.sceptibility of erbium becomes field 
dependent may be cited as 56., 0 ;:, 5°K" 
The a- vs ., l/H rurve :·or the 2 0.4c'K data ol' erbium is quite similar 
to t hose of dysprosium.. Tha.t is, the curve seems to consist of two 
i ntersecting straight l j nes. Ext rapolation ol' the high fie ld region of 
t h is curve to 1/H :-:: 0 indicates that the s a turation magnetization of 
erbium at 20.4°K is· of the Ol'der of 286 cgs units, corresponding to 
about 8 . 6 Bohr magnetons per o:J.tom" 
Ee cause of the i ncompletenes s of the data .~~ no a ttempt has been rrade 
to det ermine experimentally the ferromagnetic Curie point of state F~ nor 
was it posclble to determine the abso lute saturation moment of erbiumo 
Ass~ming a lii,aw of Correspondi ng Status" to be valid for erhlum and 
dysprosium~ t he ferromagnetic Curie point of erbium mdy be estima.ted. 
Usine the temper.::J.t'.lr e d.t "1-Jhich the susceptibilities of dysprosium a nd 
erbium become field de~endent (i.e" 9 176°K and 56°K re spectively)~ 
to~ether1trith the ferromagnetic Curie point ol' dyspro sium (i.e . $ 92°K)J 
t he Curie poi nt oi' e rl:::ium woul d be <1bou t 29° Ko 
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V. DISCUSSION OF RESULTS 
A. Gadolinium 
Of particular interest is·the fact that the value of the absolute 
saturation magnetization obtained by Trombe by extrapolation of a T2 plot 
a~rees exce3_%ngly well ••~th the value ?btained here using an extra~ola-
tlon of a T plot. Of lnterest also lS t~e fact that the saturatlon 
nagnetization or gddolinium is linear in T3/2 over nearly its entire 
ferromagnetic range. Gadolinium thus seems to be peculi_,_r in t.h.is respect 
as ferromagnetics, other than the rare earths, are linear in T3/2 only 
at very low temper~ture~. 
This investigation also showed that gadolinium is not as magnetically 
"hard" a s indicated by Trombe, although considerably "harder" than iron. 
The constant (a) in equation 6) is an indication of this "hardness" and 
has the value of about 170 oersteds from the data reported here. This 
is to be compared with Trombe 1 s value of 1350 oersteds (for iron, a~lO 
oersteds) . This difference of "hardness" between samples studied here 
and Trombe ' s was also indicated by the preliminary measurements at low 
fields (20), using the ballistic method. 
The Curie point found by the ballistic method, Figure 6a~ agrees 
quite well with Trombe's value, where he has defined the Curie point as 
the temperature at "1-lhich ferromagnetism disappears in a small field. The 
Curie point is found to be some t•vo degrees higher when it is defined as 
the temperature at which spontaneous magnetization disappears. The 
disagreement bet••een the values of the Curie points does not seem unreason-
able when the di fferences in their definitions are considered. 
It was possible to repeat the data obtained by the ballistic method 
irrespective of whether the Curie point vlas apprQC.tched from above or 
below, showing there was no temperature hysteresis (within at l~ast 0.1 °) 
at the Curie point. 
It should also be mentioned that there was found to be no shift in 
the Curie point due to annealing. Such a shift was indicated by Curie 
point determincJ.tion by electrical resistivity measurements on gadolinium 
at this laboratory (32). However, there is no definite assurance that 
the samples used for magnetic measurements were not previously annealed 
in the casting process. 
It ~y be observed that the absolute saturation magnetization is some 
2 per cent higher than vmuld be predicted if only the spins of the 4f 
electrons contributed to the magnetization; this deviation is believed to 
be outside the experimental error. Also.)) the reducgd magnetization data 
points fall f ar below the curve calculated for the s7; 2 spectrographic 
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state using the Debye=Weiss theory of ferromagnetismo Had o 0 T data been 
used for this plot rather than a-~'T' data~ the experimental points would 
have been slightly lower than the points showno 
Bo Dysprosium 
The experimental results of the magnetic properties of dysprosium 
are probably the most interesting of the three elements studied. Although 
the magnetic behavior is very complicated3 and is far from being under-
stood theoreticd.lly, it is felt that the above experimental data will 
eventually have a significant effect on the theory of ferromagnetism. 
The high magnetic moment of dysprosium is of considerable theoretical 
significanceo Magnetic moments have been measured of the orQ.er of 245 
cgs units for dysprosium. Such a magnetic moment corresponds to about 
7 Bohr magnetonso The spectroscopic state of the dysprosium ion is a 
6H~5/2 J and .~ from the paramagnetic theory of Hund and Van Vleck (4) ~ (w.1ere it is assumed that the ions are essentially free), one would expect 
an acsolute saturation magnetic moment of 10 Bohr magnetons. These data 
indicate that the absolute saturation moment of dysprosium is probably 
not this large. This may be interpret,ed as meaning that, the 4f electrons 
are not completely free from the influence of neighboring atoms. 
On the other hand.., it has been necessary to assume in the case of 
ironj nickel, and cobalt 9 that the orbi ta.l angular monentum was almost 
completely quenched, in order to explain the magnitude of their absolute 
saturation l'l'ldgnetization. If the orbital moment were completely quenched 
in dysprosium~ one would expect a saturation moment of 5 Bohr rnagrntons . 
The absolute saturation moment is obviously much larger than this ~ as 
measured values of the magnetic moment larger tha n 5 Bohr l'l'ldgnetons have 
been found in regions ·...rhere the element is far from sat uration . This is 
the first pure metals to t he au thor ns knowledge, in wh l ch orbital angular 
momentum has been mown to play a definite part in ferromagnetic proper~ 
ties. 
Quenching of the orbital angular momentum is2 of course~ due to the 
proximity of nei ghboring atoms im the crystal lattice. Since it appears 
that the quenching is far from complete in dysprosiumj one is forced to 
assume that the atoms are nearly free .9 at least as far as the 4f electrons 
are concerned . The effect of this conclusion on the magnitude o.f the 
Heisenberg exchange integral is not obvious . 
The unusual shape oJ' the magnetization vs 1/H curves must be 
explained . Perhaps a possible explanation can be made in ter~ns of a sys-
tem of t 1'110 ma gnetic phases . The general sha.pe of the curves could be 
explained by such a system. 
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A crystal structure change could be a possible mechanism for a system 
of two magnetic phases. Because of the X-ray investigation of dysprosium 
over the ferromagnetic range (26), this mechanism seems unlikely. 
An impurity such as iron surrounded by dysprosi. um might be another 
mechanism for the ~stem. The spectrographic analysis for iron showed 
less than 2000 ppm, but, as no quantitative standards for iron were yet 
available, this was given as a maximum limit for the iron impurity. 
The iron cerium intermetallic compound has been found to have a 
serious effect on the magnetic properties of cerium metal. Several of 
these compounds are known to be ferromagnetic and in particular compounds 
with as low as 100 ppm concentration of iron are believed to be ferro-
magnetic, having a Curie point somewhere bet1-1een 76°-300°K (33). 
Whether the iron impurities are serious in dysprosium and erbium, 
and whether iron is the cause of the apparent system of two magnetic 
phases, will be answered only after better quantitative methods of analysis 
have been developed and controlled experiments performed. 
One further mechanism for a system of two magnetic phases is the 
possibility that dysprosium is ferromagnetic in one temperature range and 
antiferromagnetic in another. 
Before attempting to explain the magnetic phenomena of dysprosium 
and ~rbium on the basis of such a system it would perhaps be wise to 
recall several important facts about magnetic systems. First, if the 
system is in its lowest energy state when the spins of neighboring atoms 
are parallel, the substance is ferromagnetic. If the system is in its 
lowest energy state when the spins are antiparallel, the subqtance is 
antiferromagnetic~ Which of these energy states is lowest depends on 
the coupling constants involved with nearest neighbor and next nearest 
neighbor ~toms. Thus, there is no ~ priori reason why a ferromagnetic 
ssstem can not be changed into an antiferromagnetic system just by chang-
ing the distance between neighboring atoms. Also there is no ~priori 
reason why the difference in energy between the antiferromagnetic system 
and ferromagnetic system can not be small. Second, it is an experimental 
fact that some lattice parameters of some ferromagnetic substances 
increase as the temperature is decreased through the Curie point. This 
increase continues with decreasing temperature until the substance reaches 
nearly its full saturation magnetization. At this point the coefficient 
of thermal contraction once more becomes dominant, and as the temperature 
is further decreased, the lattice parameters once more decrease. Similar 
changes in some of the lattice parameters near the Curie temperature have 
also been observed for antiferro~agnetic substances (34, 35). 
1See Banister's work on gadolinium (26) or the discussion in Bozorth 
(31), pp. 447-448. 
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Banister. (26) has suggest,ed a possible explanation of the increase 
of the 1a ttice pararreters (Le • .:~ the c axis for the rare earths) near 
the Curie point. He notes that the in~eracti on between the 11 mole cular 
field" (assumed to be in the c0 direction) and 5d electrons would tend to 
increase the probability of the 5d electrons being in a plane perpendicu= 
lar to the c 0 axis. The strength of the bond between neighboring atoms 
in the c0 direction would then be decreased as the density of the electrons 
(which essentially determines the strength of the bond) between these 
two atoms would be decreasedo Since the strength of the interaction 
depends upon the magnitude o.f the "molecular field 11 9 which in turn depends 
upon the magnitude of the rr~gnetizationJ the effectiveness of the bond 
will continue to decrease until the 11 moleculi r field" becones nearly con-
stant9 or in other wordsj until the substance has reached its saturation 
magnetization. When the substance has reached its saturation magnetiza= 
tion the coefficient of thermal contraction once more becomes dominant 
and the parameter begins to decrease once moreo 
With the abqve facts in mindj it is now po ssible to suggest another 
mechanism for a system of two magnetic phases to explain the magnetic 
behavior of qysprosium. 
As can be seen from B:.mister a s X~ray data on dysprosium (Figure 18L 
the c0 axis tends to decrease as the temperature is lowered from room 
temperature until a minimum is reached in 4he neighborhood of l75°K. It 
is now supposed that dysprosium is in an antiferromagnetic statej' d.S 
indicated by the form of the magnetic anomaly9 and by the fact that the 
susceptibility is field dependent only for high fields . The antiferro~ 
magnetic arrangement of atoms may be like that suggested by Yin-Yuang Li 
(36). As the temperature is further decreased t~e c0 axis tends to 
increase .? which is in the direction such as to favor ferromagnetism. If 
now the energy separation between the antiferrom.agnetic state and ferro =· 
magnetic state is snull9 then one would expect that, the crit.ical separa= 
ti.on distance between atoms would soon be reached by the expanding c0 
axis. At about 92°K this critical distance presumably has been reached.~~ 
the exchange integral changes sign9 and the lowest energy state of the 
system is such that the ferromagnetic state i ~ favored. As the tempera= 
ture is lowered further the ratio of R/r becomes more and more favorable 
to the ferromagnetic state as the c axis continues to increase u Below 
the ferromagnetic Curie point at 928K the ma.gnetic isotherms (Figure 7) 
begin to fall closer and closer together indicating that qysprosium is 
near~ saturated temperature ~w.ise. In this temperature region the coeffi~ 
cient of thermal contraction once more becomes domi.nant as expected 9 and 
again the c0 axis begins to decrease in the direction favorable to the 
antiferromagnetic stateo From Banister as data one would expect ·that the 
critical distance .~~ which determines the si.3n of the exchange integral9 
would be r eached in the neighborhood of 40 K. Act1,1ally the magnetic data 
shows that the critical distance is rec1ched around 200K. Thus .)l the 
apparent anomaly at the hydrogen point observed in dysprosium is an indi-
cation that dysprosium is nearly antiferromagnetic againo 
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Figure 18. Variation of the lattice parameters of dysprosium with 
temperature (after Banister). 
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42 ISC=378 
The fact that the magnetic moment vs l/H isotherms in the 31 °~80°K 
temperature range appear to consist of t1-m intersecting straight lines 
means that for some reason some of the antiferromagnetic sublattices do 
not change completely over to ferromagnetic sublattices, und it is only 
at high applied fields that the susceptibility of this antiferromagnetic 
sublattice becomes field dependent and is observable. 
Neutron diffraction studies of qysprosium in the temperature range 
of 90°K to l75°K and possibly at 4°K will confirm or disprove this hypo-
thesis. 
An al terna ti ve explanation for the strange behavior of the rr- vs l/H 
curves might arise from the fact that the neighboring crystal fields of 
the surrounding dysprosium atoms rnight cause a splitting of the lowest 
atomic level of the dysprosium ion. In such a case 3 there IDuld be a 
temperature dependency of the population of these levelsi and further 
the "g" values$ spacings, and magnetic moments of these levels might be 
profoundly influenced by the applied magnetic fields used in these experi= 
ments. 
The explanation of the magnitude of the absolute saturation magnetiza= 
tion must of course await a satisfactory interpretation of the a- vs l/H 
curves3 as well as more accurate extrapolated values of the sat~tion 
moments . ·until this is forthcoming .)> it is perhaps not profitable to 
speculate. 
C. Erbium 
Although the magnetic data for erbium are in many respects similar 
to those of dysprosium_9 it 1-10uld be informative to point out the several 
experimental facts that differ between the two elements. The first dif~ 
ference is in the nature of the break near the CUrie point of the resis~ 
tivity vs temperature eurves of the tv1o elements (20). In erbi.um the 
break is rather sharp as a function of temperature very similar to the 
corresponding discontinuity i n the slope for gadolinium. Pysprosiumj on 
the other hand:o appear:..; to have two discontinuities in the slope. The 
first is in the neighborhood of l90°K, and the second at about l60°K. 
Between the two discontinuities the re sistance is nearly constant9 or 
pas si bly increases slightly with decreasing temperature. 
The second difference between the two elements is found in the study 
of their Hall coefficients (37) in the temperature region lvhere the sus-
ceptibility of these element.s becomes field dependent . Dysprosium exhibits 
a rapidly increasing negative Hall coefficient as the temperature is 
lowered towards"200°K. This is quite characteristic of a ferromagnetic 
substance as it approaches its Curie point (38). At about l80°K the Hall 
coefficient reaches a maximum. AS the temperature i .s further lowered the 
Hall coefficient decreases rapidly and changes sign a t about 120°Ko The 
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Hall coefficient of erbium remains negative down to 20.4°K, and shows no 
indication of anomalous behavior. 
The third difference in the two elements is , of course, the apparent 
absence of a well defined magnetic anomaly in erbium that is associated 
with state A1 of dysprosium. 
All of these experimental observations are dependent to a greater or 
lesser extent upon the magnetic properties of the two elements, and suggest 
that vmi].e the magnetic properties of both erbium cmd dysprosium may be 
explained qualitatively in the same way, it will be necessary to further 
modify the explanation in the case of one of the elements to explain 
the difference of the Hall effect and resistivity measurements. 
Recently the preliminary neutron diffraction study of metallic erbium 
has been completed at Oak Ridge (39). These data in the temperature range 
of 90°K to about 25°K are rather confusing and are not completely under-
stood. These data indicate that some ~gnetic ordering sets in at about 
78°K with the magnetic moment perpendicular to the c0 axis. At about 68°K 
additional complicating features appear in the form of extra reflections. 
Below this temperature down to 46°K the ordering seems to become more 
pronounced and the extra reflections become more intense. From 20.4°K to 
40K there is a high degree of ordering parallel to the c0 axis which would 
appear to be of a ferro:tn=t.gnetic nature, and the intensities of the extra 
reflections are diminished. 
The possibility of understanding the Oak Ridge data in terms of dil 
antiferromagnetic ordering in certain temperature ranges has p~ed to be 
unfruitful using the type of antiJerromagnetic sublattice suggested by 
Yin-Yuang Li (36). This does not mean, ho;,Jever, that the possibility of 
understanding the magnetic properties of dysprosium in terms of antiferro= 
magnetism is precluded. It mgy well be that antiferro~gnetism is not 
quite developed in erbium as indicated by the absence of any magnetic 
anomaly~ and the differences between the Hall effect and resistivity 
measurements of the two elements. As noted above, this hypothesis will 
stmd or .fall only when neutron diffract ion data c..re obtained for dyspro-
sium. 
It should be pointed out th..:J. t the high magne tic moment or erbiumJ as 
in the case of dysprosium, h significant . Magnetic moments have been 
rneasured for erbium that are much higher tha n the 3 Bohr magnetons predicted 
for the absolute saturation moment from tne spectrographic state 4r15;2 
if only the spins of t he unpaired 4f electrons >vere contributing to the 
ferromagnetism. 
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D. Discussion of Errors 
As mentioned in the introduction, the primary purpose of this 
investigation was to determine~ if possible, the absolute saturation 
magnetization of gadolinium~ dysprosium~ and erbium. Thus, the only 
numbers cited in this study for which particular attention has been paid 
in regard to the estims.tion of their accuracy~ are those which have 
been cited as values of the absolute saturation ms.gnetization for the 
various elements. 
In order to obtain an experimental value of the absolute saturation 
moment~ it will be recalled that the following procedure was used. 1) 
At a given temperature a number of magnetic moments were measured at 
various fields . 2) It was found that when the magnetic moments9 measured 
in step one~ were plotted as a function of 1/H, they appeared to lie on 
a straight line. 3) Assuming then that the 11 true11 physical law which 
governs the variation of magnetic moment with applied field is a linear 
function of 1/H, the least squares process was applied to the experimental 
data, and the intercept on the magnetic moment axis determined. This 
intercept is then the saturation moment at the given temperature. 4) 
Steps one through three are then repeated for a number of various tempera-
tures. 5) It was found ~en the saturation moments~ obtained in step four, 
were plotted against T3!2, they appeared to lie on a straight line. 6) 
Assuming then that the 11 true 11 physical law which governs the variation 
of saturation magnetic moment with temperature is a linear function of 
T3/2, the least squares process was applied to the experimental data~ 
and the intercept on the saturation moment axis determined. This inter= 
cept is then the absolute saturation moment. 
The validity of this experimental value of the absolute saturation 
moment rests entirely on the validity of the assumptions made in steps 
three and five. This experimental procedure seems to give an answer 
which is justifiable theoretically, at least in the case of iron, cobalt, 
nickel~ and gadolinium. 
The only alternative to making these or similar assumptions is to 
make a direct measurement of the absolute saturation m~gnetic moment at 
0°K and using an infinitely high applied field, which is of course impos~ 
sible . 
Both ~stematic errors and random errors were present in this study. 
The random errors are believed to be responsible for the deviation of the 
experimental points from the straight lines in Figures 3j 11, 12 and 13; 
and such deviations were assumed to be random in estimating the error in 
the value of the saturation magnetization. 
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The author is aware of only one f>Y stematic error in the experimental 
procedure. This error was present because it was not possible to place 
the unknown sample in the exact position occupied by the standard sample 
which was used in the calibration process. The existence of this ~stem­
atic error became apparent When it was not possible to repeat the calibra-
tion exactly when the standard sample was removed and then replaced again. 
This error had the effect of moving the lines drawn through the experimental 
points up or down, but parallel to themselves. The calibration was carrjed 
out aoout ten times to obtain some idea of the error that could be expected 
from this source. The standard deviation for this type of error was about 
0.8 per cent. As can be seen from the remainder of this discussion, this 
systematic error sets the limits of the accuracy for the experimental 
study. 
To obtain an estimate of the error of each individual measurementJ 
the usual standard deviation process was employed on equation 4). Equa-
tions 6) and 7) were also studied so that the effect of errors in tempera-
ture and applied field measurements could be estimated. Listed below are 
typical values of the various quantities masured in this study. The 
values of a, and b (equations 6) and 7) are those of gadolinium and are 
assumed to be correct to as many figures as desired. The errors shown 
after the typical values are the estimated standard deviations for these 
quantities. The symbols have the same meaning as employed throughout 
this study; and in addition, 
F/g =AM: apparent change in nass of the unlmown when placed 
in the non-uniform magnetic field, 
F~/g:;: AM/= apparent change in nass of the stand:l.rd sample of 
· iron when placed in the _ non-uniform magnetic field, 
/ 
m : mass of standard sample of iron 
~ 
and, tr: the saturation magnetic moment of iron at 20°C. 
~ M :: ~M' = 7.00 ~ 0.01 gms. 
m: m": .0600! 0.0001 gms. 
11 
o- = 217.8 ~ 0.05 cgs units 
T : 20 ! 1°K 
H - 5000 ! 50 oersteds 
b : 1 X lo-4(°K) -3/2 
1 
a : 170 oersteds • 
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The magnetic moment was considered to be a function of the following 
variables: 
( / ./ / ) a- AM,~M , m, m , <5"", T, H • 
The standard deviation was thus calculated using the following 
expression: 
S.D. ~ 
Using the typical values and their standard deviations, the standard 
deviation for each individual measurement of the magnetic moment was found 
to be about 1.4 cgs units. 
The second step of the experimental procedure was to employ the method 
of least squares to the individual measurements. -In this process the 
deviations of the individual measurements from the straight line were 
considered random. The least squares process indicated that the standard 
deviation in the extrapolation to find the saturation moment at a given 
temperature was of the order of 1.5 cgs units. 
The third step was again to employ the method of least squares to 
the values of the saturation moments obtained in the seoond step. The 
deviation of the individual values of the saturation moments from the 
straight line were again considered random. The least squares process 
indicated that the standard deviation was of the order of .9 cgs units. 
That is, if it were possible to measure the absolute saturation moment a 
number of times, 74 per cent of the measurements would fall within .9 cgs 
units of the cited value for the absolute saturation moment for gadolinium. 
As pointed out above, the systematic error was probably greater than 
this; and therefore, is the limiting factor of the accuracy for this study. 
As noted in the section on the results of dysprosium, no attempt was 
m~de to use the least squares process in the extrapolations of these data. 
Because the high field data were rather limited, it was felt that sucha 
procedure was not warranted. The standard deviation cited for the abso-
lute saturation moment was a guess, based on attempts to fit various 
straight lines through the data points, and upon past experience. As 
noted above, the value of 273 cgs units cited for the absolute saturation 
magnetic moment of dysprosium is probably a minimum value. The importance 
to be attached to the other value of 299 cgs units must of course await 
measurements at higher fields, and Q satisfactory interpretation of the 
magnetization curves. 
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To suiil!ll3.Iize, the individual measurenents of the magnetic moment of 
gadolinium, dysprosium and erbium are probably accurate to about 1.3 per 
cent (i.e., 0~8 per cent systematic error, .5 per cent random error); the 
individual saturation magnetic moments in the case of gadolinium are prob-
ably accurate to about l. 2 per cent; for dysprosium, the saturation 
magnetic moments are probably accurate to about 2.5 per cent; the value 
for the absolute saturation moment for gadolinium is probably accurate to 
at least 1.0 per cent. The absolute saturation magnetic moments of 
dysprosium are probably accurate to about 1.3 per cent using low field 
extrapolations, and to about 2.5 per cent using the high field extrapola-
tions provided the cited values have ar~ physical meaning. 
E. General 
A break in the temperature-resistivity curve has been shown to be a 
reliable guide in the predicting of the ferromagnetism of erbium, and 
indicates that the break in the neighborhood of 12 'OK for cerium (40) 
should be investigated for possible ferromagnetism. 
The extreme 11 hardness11 of cysprosium and erbium shows that future 
attempts to measure their absolute saturation moments· more accurately 
must lie with the availability of high magnetic fields (i.e., of the order 
of 50K oersteds or greater) and/or single crystals. 
The low Curie point of erbium further points out that one must be 
prepared to do extensive work in the helium-hydrogen temperature range, 
and possibly even into the magnetic cooling range. 
In conclusion, this study of gadolinium, dysprosium, and erbium 
surely suggests that the rare earth metals will be as fruitful as field 
for the study of ferromagnetic phenomena as the rare earth salts have 
been for paramagnetic phenomena in the past. 
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VII. APPENDICES 
Included in these appendices are the xooasured values of the magneti. c 
moment, the calculated values of the magnetizing field, and the extrapolated 
values of the saturation magnetic moment for gadolinium, dysprosium, and 
erbium. The numerous calibration curves for the gradient of the nagnetic 
field and for the applied field are not recorded here. Such calibration 
curves, together with the original calcuJa. tions, are on .file at the Low 
Temperature Laboratory, Institute for Atomic Research, Iowa State College, 
Ames, Iowa. 
The symbols used in these appendices have the same neaning and units 
as .:those used throughout the text. 
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A. Gadolinium 
1. Mearured values ~~magnetic morrent of gadolinium 
H r 
T:20.4°KH,T H cr: T=57.8°KH'T 
6,850 240.4 5,500 235.1 
1o,o5o 242.7 6,650 236.6 
11,950 243.6 7,450 238.2 
14,150 245.3 8,450 239.2 
15,950 245.3 1o,o5o 238.4 
17,750 247.3 12,500 239.2 
14,300 241.4 
T=26.0°K 17,650 239.7 
5,600 244.6 T:75.2°K 
6,200 245.6 
7,450 246.9 5,450 229.7 
8,250 246.9 6100 230.0 
9,750 247.3 7!250 232.8 
12,600 247.6 8,200 232.0 
15,550 249.9 9,900 233.3 
17,900 248.3 12,650 235.0 
15,050 236.8 
T:.19.60Jc 17,850 235.3 
5,600 239.8 T:85.9°K 
6,300 241.2 
7,200 242.5 5,450 226.3 
8,200 242.3 ~,600 227.4 
91550 242.9 7,150 228.3 
12,500 244.3 8,650 230.1 
14,950 244~7 1o,o5o 229.9 
17,800 244.3 12,800 231.2 
15,300 232.4 
T=49.5°K 17,850 231.2 
5,550 240.1 T=89.9°K 
6,150 240.0 
7,550 241.3 5,450 226.5 
8,6oo 241.8 6,500 227.1 
10,150 242.6 7,150 228.3 
12,350 242.2 8,100 229.1 
14,900 244.5 9,950 228.7 
17,850 242.7 12,300 229.3 
14,650 230.8 
17,900 229.2 
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H oH,T H tJ. 
T:113.2°K T:187.40K H,T 
S,1oo 219.4 s,soo 184.9 
6,7SO 216.8 S,9SO 184.5 
7,400 219.0 7,2SO 186.7 
8,2SO 22o.s 8,2SO 187.0 
9,8So 220.4 9,9SO 186.6 
12,4So 22LS 12,850 187.9 
1S,o5o 222.2 15,250 188.9 
17,8So 221.4 17,900 188.2 
T=l33.4°K T:207.3°K 
S,55o 209.0 5,S5o 174.3 
6,500 210.6 6,100 174.2 
7,400 211.2 7,500 17S.4 
8,450 212.3 8.92SO 175.2 
10,150 211.6 10,300 176.8 
12,800 213.2 13,000 178.7 
15,300 214.9 15,250 178.2 
17,900 213.8 17,8So 177.6 
T= 1SO.S°K T:231.4°K 
S,45o 203.4 S,5oo 1S7 .3 
6,oso 205.9 6,3SO 1S8.1 
7,150 204.5 7,450 158.8 
8,400 205.8 8,200 159.4 
10,050 204.8 10,200 160.1 
12,400 205.6 12,400 162.0 
15,150 206.9 15,550 162.4 
17,850 206.4 17,850 162.2 
T•168.60K T=252.7°K 
5,500 195.8 S,6oo 138.9 
6,1SO 197.1 6,300 139.1 
7,3SO 197.6 7,500 139.8 
B,200 197.3 8,300 139.6 
10,300 197.2 9,900 141.4 
17,700 197.1 12,3SO 142.6 
1S,15o 198.3 15,200 14S.2 
17,950 137 .s 17,900 143.3 
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2. Saturation magnetic moment of gadolinium at TOK 
T"K 
20.4 
26.0 
39.6 
49.5 
57.8 
75.2 
85.9 
89.9 
113.2 
133.4 
150.5 
168.6 
187.4 
207.3 
231.4 
252.7 
r oo,T 
250.3 
250.8 
246.9 
245.2 
242.9 
239.0 
234.7 
231.4 
223.9 
216.8 
207.4 
198.5 
190.3 
180.3 
164.9 
146.6 
B. Dysprosium 
1. Measured values ~!. the magnetic moment of dysprosium 
2,950 
4,800 
5,500 
6,200 
7,150 
8,350 
9,800 
11,100 
12,400 
13,550 
15,200 
16,150 
17,100 
17,850 
154.0 
177.5 
185.1 
190.3 
198.0 
203.5 
209.5 
215.1 
218.5 
219.8 
226.4 
229.1 
231.8 
232.4 
2,850 
4,550 
6,700 
7,250 
8,600 
9,750 
11,150 
12,500 
13,600 
15,050 
16,150 
17,050 
17,900 
162.1 
187.3 
206.7 
210.6 
218.9 
223.4 
231.6 
235.0 
237.8 
240.4 
242.4 
244.8 
2!6.7 
53 
54 ISC-378 
T:31.25°K T:65.0°K 
5,450 198.9 2,750 163.0 
5,950 200.1 4,800 193.3 
7,200 209.6 5,700 199.2 
8,650 219.2 6,300 201.2 
9,800 224.9 7,200 199.3 
11,050 231.5 9,550 223.4 
12,300 234.9 11,000 227.4 
14,050 2)9.1 12,300 231.4 
15,400 242.7 13,850 234.6 
16,150 244.4 15,100 236.9 
16,850 246.2 16,150 239.3 
17,850 249.1 16,950 241.9 
T:35.0°K 
17,850 243.7 
T=80.0°K 
2,850 159.7 
4,650 191.4 2,950 16o.4 
5,350 197.6 4,700 186.7 
6:,350 204.5 5,400 193.9 
7,250 210.5 6,100 198.3 
9,050 220.9 7,250 205.7 
9,950 224.7 8,350 212.1 
10,800 228.3 9,850 219.0 
12,400 233.6 11,050 225.5 
16,150 245.9 12,350 228.9 
17,150 248.0 13,750 231.9 
17,950 247.9 15,250 233.6 
16.'1 050 235.5 
16,900 236.7 
17,950 239.1 
H uH T 
T=91.4°K ' 
H a-H T 
T:121.00K ' 
3,050 140.1 3,150 11.7 
4,950 173.4 5,000 24.0 
5,500 180.1 5,700 42.4 
6,350 189.5 6,450 79.6 
7,250 194.8 7,200 109.7 
8,600 202.2 8,900 147.0 
10,050 209.3 10y000 165.6 
11,100 213.2 11,000 173.9 
12;300 218.0 12,500 183.0 
13,450 219.8 13,850 189.5 
16,000 226.8 15,800 194-4 
17,950 229.2 17,950 199.3 
ISC-378 55 
T=103.00Jc 0 T=135.0 K 
3,050 60.3 3,100 8.7 
5,000 147.9 5,650 17.7 
$,500 157.2 6,350 21.1 
6,300 171.4 7,200 33.2 
7,350 188.5 9,000 95.7 
9,050 196.·4 9,950 120.2 
9,850 202.9 11,150 138.4 
11,050 205.9 12,500 153.8 
12,400 210.4 13,700 161.7 
13,450 212.3 15,900 173.4 
16,050 219.3 17,850 180.9 
18,050 222.5 
'1':13 7. 7°K 
T::ll3°K 
3,050 8.0 
2,950 13.8 5,000 14.2 
4,800 79.4 5,550 16.3 
5,800 124.0 6,300 19.0 
6,400 137.1 7,300 28.4 
7,500 162.7 8,850 72.4 
9,450 185.5 10,050 110.7 
10,400 190.8 11,100 128.9 
11,700 196.5 12,400 145.0 
12,650 199.7 13,900 156.5 
14,050 205.3 15,900 168.4 
16,130 210.1 17,900 176.4 
17,850 211.3 
H rH,T . cr: H 0 H,T 
T:145.5°K T:168.4 K 
3,000 10.0 3,100 10.9 
4,900 14.0 5,000 14.2 
5,650 15.4 5,850 16.2 
6,150 17.3 7,200 20.8 
7,350 21.8 8,600 26.1 
8,550 32.5 9,900 33.2 
9,800 66.5 11,200 49.9 
11,250 103.5 12,550 64.1 
12,600 122.5 13,700 73.0 
13,950 135.8 15,900 ~7.6 
16,000 150.9 18,000 98.2 
18,000 161.3 
56 ISC-378 
T=153.4°K - OK T-172.0 
3,100 7.7 3,100 10.8 
4,850 11.6 5,150 17.5 
5,600 13.8 6,100 19.8 
6,350 16.3 7,300 24.0 
7,300 19.3 8,500 30.0 
8,400 24.3 10,300 44.3 
10,200 44.3 11,200 51.9 
11,450 75.1 12, 550 59.4 
12, 6oo 97.1 13,700 62 . 7 
14,000 113.5 16,000 76.1 
15,900 129.9 18,000 86. 0 
17,900 143.1 
T=175.)°K 
T=161.0°K 
3,100 11.3 
3,100 9.1 5,450 19.9 
5,050 13.5 6,300 28.3 
5,650 14.7 7,350 28 .9 
6,600 17.6 8,450 39.4 
7,300 19.5 10,400 44.9 
8,400 2).6 12,300 52.2 
10,000 31.4 14,150 59.8 
11,000 44.4 15,950 67.0 
12,550 73.4 17,950 74.4 
13,350 90.7 
1),900 108.0 
18,050 123.3 
H o-'H,T H o-H,T 
T=180.7°K T=195.8°K 
3, 000 11,0 3,150 4.9 
4,900 17.5 5,000 10.5 
6,500 21.9 5,550 11.9 
7,200 24.7 6,500 14.0 
8,450 28.5 7,450 16.2 
10,2)0 35.3 9,150 19.5 
12,200 41.6 10,550 ·23.2 
14,050 47.2 12,300 26u6 
16,000 53.9 14,200 30.2 
17,900 60.9 16,250 34. 6 
18,050 38.5 
ISC-378 
T:l85.8°K T:202.2°I 
2,900 7.7 3,000 5.6 
5,150 14.4 5,000 10.0 
6,800 18.1 5,700 10.7 
7,950 22.1 6,400 12.2 
9,700 27.5 7,300 13.9 
10,750 30.9 8,400 15.9 
12,250 35.1 10,000 19.0 
13,650 38.2 11,850 25.5 
16,150 45.6 13,550 27.7 
18,050 50.9 16,050 29.5 
18,100 33.7 
2. saturation magnetic mo1nent of dysprosium at T°K 
"~,'flow'' is the saturation magnetization determined from low 
applied f~eld data (i.e., less than about 12,000 oersteds). 
"a- T high" is the saturation magnetization detennined from high applie~t~eld data (i.e., greater than about 12,000 oersteds). 
31.25 
35.0 
50.0 
65.0 
80.0 
~,Thigh 
290.0 
286.7 
a3 2.5 
275.2 
261.6 
c. Erbium 
271.2 
257.2 
257.3 
261.3 
261.6 
1. Measured values of the m:ignetic moment ~ erbium 
H o-;. H OJr T T:20 .4°K H, T T:45.8°K ' 
3,150 67.8 3,2.00 8.7 
4,600 87.8 5,100 13.8 
6,050 103.8 5,900 15.7 
7,150 114.3 6,500 17.0 
8,950 130.0 7,300 19.1 
9,950 137.5 8, 7rJJ 22.6 
11,250 146.5 10,000 26.1 
12,350 t~k:~ 11,250 3C.2 l~~J;8 12,800 36.3 
fo'l o iaiii 13,650 51.5 1~~0 18~·$ 16,000 90.3 1 ' 00 19 • 18,000 118.6 
57 
58 ISC-378 
r=35.oOJc T=51.0°K 
3,150 9.6 3, 2.50 1.1 
5,000 14.6 4,900 11.u 
5,650 17.1 5,500 12 .. 7 
6,150 20.3 6,100 14.2 
7,300 32.8 7,550 17.8 
8,500 56.8 9,750 23.3 
9,850 86.6 11,650 27.9 
11,200 107.2 13,6o0 32.7 
12,600 124.3 16,200 47.9 
13,800 140.0 18,050 C/7.6 
16,000 162.9 
17,900 177.5 T:61.2°K 
r=4o.5°K 3,250 8.5 
4,850 10.4 
3,050 9.1 5,600 11.7 
5,000 14.3 6,250 13.1 
5,750 16.0 7,550 16.1 
6,300 17.6 9,050 18.9 
7,600 21.8 10,6o0 22.5 
8,800 27.2 11,600 24.8 
9,800 36.7 13,350 28.5 
11,150 57.0 16,300 35.2 
12,700 83.0 18,050 40.5 
14,000 98.1 
16,200 122.4 
18,000 138o9 
H o-; 
T::71. 0°K H, T 
3,100 5.5 
4,800 10.2 
5,500 11.3 
6,400 13.3 
7,400 15.3 
9,100 19.0 
10,600 22.2 
11,850 24.9 
13J500 28.5 
16,000 36.0 
18,000 41.5 
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